Abstract: This paper proposes an efficient mathematical model of an automatic upstream water-level control gate, called a Begemann or flap gate. This automatic gate controls the upstream level close to a reference level for free gate flow, using a counterweight to compensate for the hydraulic pressure on the gate. The proposed gate model is designed to be included in a hydraulic simulation model. A discharge law for the gate is first derived using simple physical assumptions. Then a method to compute the static equilibrium is obtained by modeling the opening force exerted by the water on the gate. This mathematical model is validated on experimental data from a small-scale gate and on other data from the literature in order to show the ability of the model to simulate various gates.
Introduction
Automatic upstream control gates are applied in various countries as a cheap and efficient way to control water levels in openchannel networks. This paper deals with a specific type of gate initially described by Vlugter ͑1940͒, and more recently mentioned by Brouwer ͑1987͒, Brants ͑1996͒, de Graaff ͑1998͒, and Burt et al. ͑2001͒ . Such gates are installed in several irrigation projects located in various countries ͑United States, Nigeria, Indonesia, etc.͒.
The considered automatic gate ͑called a Begemann or flap gate͒ is a weir equipped with a steel plate rotating around a horizontal axis located above the upstream water level. The water flows freely on the sides when the gate is opened. A counterweight on the top of the plate compensates for the hydraulic pressure exerted by the water. When the water level increases, the pressure also increases and the moment exerted by the water tends to open the gate. When the water level decreases, the pressure diminishes and the moment exerted by the counterweight tends to close the gate. The equilibrium is obtained when the closing moment compensates for the opening moment. When properly designed, such a gate can maintain upstream levels within a small range around the design upstream level ͑Vlugter 1940; Burt et al. 2001͒. The gate is designed to function properly under free-flow conditions ͑no downstream influence͒. A modified version of the Begemann gate is the Vlugter gate, which is equipped with a round back and is designed to function under submerged conditions. The present study is restricted to the case of a gate functioning at free flow-the Begemann gate.
Such gates were primarily installed in Indonesia, where they were described and studied by Vlugter ͑1940͒. More recently, Begemann and Vlugter gates were installed in two Nigerian irrigation schemes built in the 1970s ͑Brouwer 1987͒: the Kano River Irrigation Project and the Hadejia Valley Irrigation Project ͑HVIP͒. Four cross regulators of the HVIP North Main Canal are equipped with a series of Vlugter or Begemann gates ͑Fig. 1, with a picture of 10 Begemann gates at Furawa Cross Regulator͒.
Similar gates have also been installed more recently on irrigation canals in California, following the design method proposed by Burt et al. ͑2001͒ .
Most available studies focus on the design part of these gates. But, in order to correctly simulate the hydraulic behavior of a canal equipped with such gates, it is necessary to have an accurate mathematical model of the gates. Such a model for the gate could be included in a classical hydraulic simulation model solving Saint-Venant equations ͑e.g., SIC, the model developed by Cemagref͒.
We are interested in computing the upstream water elevation h 0 and the gate opening angle ␦ for any given discharge Q. For this purpose, it is necessary to have two formulas: a discharge law, giving the discharge for given opening angle ␦ and upstream water elevation h 0 ; and an equilibrium law, specifying the force exerted by water on the gate, and the application point ͑in order to compute the opening moment͒. This paper proposes an efficient mathematical model of the Begemann or flap gate with two such formulas.
These gates were observed in the field during two missions in Nigeria, and a small-scale laboratory gate has been designed and used for experimental data acquisition. This reduced-scale experimental gate was built in the laboratory canal of Ecole Nationale Supérieure d'Agronomie de Montpellier ͑ENSAM͒, in France.
The structure of this paper is as follows: after a review of existing models, the model of the Begemann gate is presented, with first the discharge law, then the equilibrium law. Some implementation aspects are described. This model is finally validated on experimental data and data from literature.
Including the Begemann gate model into a hydraulic simulation model is a useful extension of our work, but is not discussed in this paper.
Review of Existing Models
The control of water levels in distributary channels with automatic mechanical gates has received interest for a long time: Stickney ͑1912͒ proposed a design of automatic dam crest for regulating the flow over dams, and Neyrtec GEC-ALSTHOM has manufactured the well-known AVIS/AVIO and AMIL automatic gates since the 1950s ͑see GEC-Alsthom ͓1975͔; Goussard ͓1987͔; Goussard ͓personal communication, 1993͔͒. Jiong ͑1990͒ described a flap gate to control water levels in China. Let us now describe the Begemann gate.
Gate Description
The gate dimensions are denoted by L, the gate height ͑m͒, p the distance from pivot to the gate ͑m͒, and B g the gate width ͑m͒ ͑Fig. 2͒.
Let ͑X G , Y G ͒ denote the coordinates of the center of gravity G with horizontal and vertical axis originating from the pivot point. ⌽ is the angle between the horizontal axis and the line joining the pivot to the center of gravity G:
The gate opening U and the vertical and horizontal openings U v and U h for a given angle of opening ␦ are obtained by standard trigonometry ͑Fig. 3͒
These variables will be useful in determining the discharge law. The design upstream level h d corresponds to the hydrostatic equilibrium when the gate is closed. In this case, the pressure is hydrostatic, and it is easy to compute the opening force. Since the opening moment compensates for the closing moment, one gets the equation describing the equilibrium
where M c ͑0͒ = closing moment at ␦ = 0, given by M c ͑0͒ = M g X G ; M = total mass of the gate and counterweight; = water density; and g = gravitational acceleration. Solving this equation leads to the equilibrium upstream level h d for zero flow.
The gate functioning is much more difficult to predict when the gate opens, since the pressure distribution is no longer hydrostatic. 
Literature Review
Raemy and Hager ͑1998͒ propose a very detailed model of a hinged flap gate with counterweight. This gate is not a Begemann gate, since there is no weir in the channel and no water flowing on the sides of the gate ͑the gate is equipped with adhesive tape on the sides that ensure water tightness͒. Their model is therefore limited to the specific gate considered, and it seems it cannot be directly extended to a classical Begemann gate, where there is a weir and water flows freely by the sides of the gate.
Raemy and Hager proposed to estimate the force exerted by the water on the gate by a linear law that is a function of the angle of opening. This experimental result was confirmed by their analysis, which used the momentum equation to estimate the opening force. However, as stated by the authors, "since the analysis does not give the pressure distribution, the moment on the gate cannot be determined" ͑Raemy and Hager 1998͒. They finally used an empirical relationship for the opening moment ͑varying linearly with the angle of opening͒ to get the equilibrium model.
Burt et al. ͑2001͒ have developed a model for the design of automatic water-level control gates. This design method has been successfully used to design flap gates installed on several irrigation canals in California. Using a small-scale gate, they measured the pressure distribution on the gate in order to estimate the opening force and the application point as linear functions of the angle of opening. They state that, for the adjusted force relationship, "the slope should be the same for any similar gate" ͑Burt et al. 2001͒ . The same assumption is done on the application point. This is a strong assumption that is not justified in their article, since there is no comparison with other gates. This approach seems to be well suited for the design of flap gates that will have similar behavior to the one already observed. But it may not be able to correctly model the behavior of gates with different specifications ͑other gate dimensions, other counterweight values, etc.͒. Also, no specific discharge law was proposed in their article.
The work initiated by Vlugter ͑1940͒ has been continued by de Graaff ͑1998͒. He reproduced the experiments done by Vlugter on a small-scale experimental gate, and developed a model for this gate. In his work, the discharge law is similar to a classical law for a free-flow orifice: the discharge is supposed to be equal to C d UB g ͱ 2gh 0 , where h 0 is the upstream level above the sill of the weir. The discharge coefficient C d is fitted on available measurements and varies linearly from 1.4 to 0.7 when U / h 0 varies from 0 to 0.5. Such a high discharge coefficient ͑which can be greater than 1͒ stems from the fact that the complete opening is not taken into account. Indeed, the water does not only flow under the gate through an opening U, but also on the sides of the gate.
The model of de Graaff ͑1998͒ for equilibrium is based on the momentum conservation principle: the opening force is estimated by subtracting the downstream momentum from the upstream momentum. The upstream momentum is easily computed, but the momentum downstream of the gate is more difficult to estimate. The force exerted by the downstream wall of the weir over the flow is supposed to be hydrostatic, the friction forces are neglected, and the downstream momentum is estimated based on the downstream water elevation. Such an approach has the advantage to be physically based, which should ensure generality. However, it is very sensitive to measurement errors, especially for high angles of opening, where the opening force is small. In that case, a small measurement error may result in a large error in the estimated force. Indeed, as noted by de Graaff ͑1998͒, his model was accurate for flow rates up to 60% of the maximum discharge, and no equilibrium solution was found for higher flow rates.
Some valuable work has already been done on this automatic gate. However, no satisfying model has been developed to correctly model the gate behavior for all flow rates and various gate dimensions.
In order to include such a gate in a hydraulic simulation model, there is a need for ͑1͒ a specific discharge law; and ͑2͒ a law for the opening moment to compute the equilibrium. The overall model should be able to accurately predict the upstream water level and the angle of opening for a given discharge.
Model of the Begemann Gate Discharge Law
The Begemann gate behaves as an orifice for small angles of opening and as a weir for large angles of opening. The complete discharge law depends on two variables: the upstream water level h 0 and the angle of opening ␦. This section aims at obtaining a function ͉Q͑␦͉͒ h 0 for a given constant upstream level h 0 .
We first consider the case of high angles of opening, then investigate the gate behavior for small openings. The proposed discharge law is then obtained by curve fit.
Discharge Law for High Angles ␦ For a given upstream level h 0 , the corresponding discharge Q w is obtained by the free-flow weir equation
͑6͒
where C w = discharge coefficient of the weir.
This corresponds to an angle of opening ␦ w , where the gate skims over the free-flow nappe. This angle can be computed using classical equations for the free-flow nappe ͑Davis et al. 1999͒: it is obtained when the circle described by the end of the gate crosses the parabolic trajectory of the nappe ͑Fig. 4͒. The equation of the free-flow nappe over the weir is described by a parabolic function ͑Hager 1983; Davis et al. 1999͒
where V u = flow velocity; ␣ = angle of the flow with the horizontal at x = 0; and h e = brink depth given by
and h c the critical depth, obtained from
The flow is supposed to be horizontal and the angle ␣ is zero. The velocity is therefore
A more detailed description of the flow over the weir can be used if necessary. However, as will be demonstrated in the validation section, this simple model already gives very good results for the gate studied. The end of the gate is on a circle described by
The angle ␦ w is obtained by solving the system of Eqs. ͑7͒ and ͑11͒ and ͑12͒. It is not possible to give an analytical formula for this angle, but it can easily be computed by using a classical method to find the zero of a function ͑e.g., bisection, Newton, etc.͒. For angles of opening close to ␦ w and h 0 being fixed, the discharge is close to Q w
where Q w ͑h 0 ͒ = discharge over the weir for an upstream level h 0 , computed using Eq. ͑6͒. We can also estimate the derivative of Q with respect to ␦. We assume that in the vicinity of ␦ w , the total discharge is not affected by small angle variations. This assumption can be stated mathematically as
Discharge Law for Small Angles ␦ When ␦ = 0, there is a residual discharge, Q r , that depends on the tightness of the gate
When the gate opens, the discharge can be split in two parts: a side discharge denoted Q side and a discharge under the gate denoted Q under . These discharges are expressed using the following expressions:
where C u , A under and C s , A side are, respectively, the discharge coefficients and the flow area for Q under and Q side . The variation of the total discharge is then given by
If variations of discharge coefficients C s and C u with ␦ are neglected, the variation of the discharges is only linked to the variation of the areas A under and A side with the angle ␦. This leads to
These areas can be estimated from simple geometric computations
Finally, the variation of the discharge for small angles is given by
The discharge coefficient C u should be around 0.6 to 0.9 for water flowing through a small bottom orifice, and C s should be around 0.3 to 0.5, since the side flow is free ͑Lencastre 1996͒. We assume in the following C s =2/3C u to simplify the model calibration. This corresponds to the ratio between classical discharge coefficients for a sluice gate ͑C u = 0.6͒ and a weir ͑C s = 0.4͒.
Curve Fit
For a given upstream water level h 0 , the variation of the total discharge Q͑h 0 , ␦͒ with the angle of opening ␦ is obtained by a polynomial curve fit. A curve fit with quadratic model did not lead to good results. Since with the physical analysis values for Q and its derivatives with respect to ␦ at low and high angles of opening would be obtained, it was possible to fit a cubic curve between the extreme points with fixed derivatives
where the coefficients c i are given in the Appendix. Such a curve fit is depicted in Fig. 5 for the small-scale laboratory gate at ENSAM. This discharge law will be validated on real data in the model validation section.
Equilibrium Law

Closing Moment
The closing moment is obtained using
Opening Moment
The opening moment is theoretically obtained using
where L a ͑h 0 , ␦͒ = lever arm; and F x ͑h 0 , ␦͒ = opening force. The modeling problem is the evaluation of both quantities. We describe in the following the model for the opening force at equilibrium-that is, for couples ͑␦ * , h 0 * ͒ corresponding to an angle of equilibrium and related upstream level. It would be interesting to obtain a model that could predict the force for any upstream level h 0 and any angle of opening ␦. Such a model could be obtained by using the momentum equation downstream of the gate ͓as did de Graaff ͑1998͔͒. However, it is very difficult to accurately estimate the flow momentum downstream from the gate and the force exerted by the downstream wall of the weir on the flow. We tested such a model, which proved to be much less accurate than the one presented below, giving the force at equilibrium as a function of the angle ␦ * . The projection of the opening force on the horizontal axis F x ͑␦ * ͒ is given by a cubic curve fit between 0 and ␦ max , where ␦ max is the maximum angle of opening, corresponding to the unstable equilibrium
The lever arm is supposed to be as in hydrostatic conditions-that is, at 1 / 3 of the wetted length of the gate. Since the wetted length is given by ͓h 0 − U v ͑␦͔͒ / cos ␦, the lever arm L a can be computed by
To interpolate the force between 0 and ␦ max , we need the values of the force and its derivatives with respect to ␦ * in both points, respectively: F x ͑0͒, F x ͑␦ max ͒; and dF x / d␦ * ͑0͒, dF x / d␦ * ͑␦ max ͒.
Calculation at Small Angles
The force that compensates the hydrostatic pressure for ␦ * =0 is F x ͑0͒. Once h d is computed using Eq. ͑5͒, F x ͑0͒ is given by:
͑28͒
To obtain the value of the derivative of the force with respect to ␦ * , we need to investigate the following expressions. For any angle ␦, the projection of the opening force on the horizontal axis is obtained by
with the lever arm L a given by Eq. ͑27͒. Differentiating Eq. ͑29͒ with respect to ␦ * and taking the value at ␦ * = 0 leads to the following expression for the derivative of the force with respect to ␦ * in zero 
͑33͒
Using Eqs. ͑28͒, ͑32͒, and ͑33͒, the derivative of the projection of the opening force on the horizontal axis is finally given by Eq. ͑30͒
The choice of C F 0 will be described in the calibration section.
Calculation Near ␦ max
For ␦ * = ␦ max , the gate is in unstable equilibrium position, and therefore the force is equal to zero
The derivative dF x / d␦ * ͑␦ max ͒ is obtained the same way as for small angles, using Eq. ͑29͒. This equation is differentiated in the equilibrium domain, where M o ͑␦ * , h 0 * ͒ = M c ͑␦ * ͒, and yields:
In that case, the water touches only the downstream end of the gate. The lever arm is therefore equal to L. Since the gate is in unstable equilibrium, we have M c ͑␦ max ͒ = 0. The value of the derivative in ␦ max is then given by:
with ͑dM c / d␦ 
C F max takes into account various simplifying assumptions: it should be around 1 if the cubic approximation is valid; higher values are expected ͑e.g., when ␦ max gets high ͓⌽ small͔͒, due to the overestimation of the lever arm in this case.
Full Expression of F x
The projection of the force on the horizontal axis is then given by a cubic curve-fit between 0 and ␦ max
͑39͒
͑see the Appendix for the complete expressions of coefficients c i ͒.
Model Summary
The proposed model for the Begemann gate is now completely presented: the discharge law is obtained using Eq. ͑23͒; the equilibrium law is obtained by equating the closing moment given by Eq. ͑24͒ and the opening moment given by Eq. ͑25͒, with L a given by Eq. ͑27͒ and F x ͑␦ * ͒ given by the cubic curve fit Eq. ͑39͒. These equations enable us to compute the upstream water level h 0 * and the angle of opening ␦ * for any discharge Q flowing through the gate.
Model Calibration
This section describes how to calibrate the model when data are available.
Calibration Method
The following coefficients need to be calibrated in order to fit the model on data:
For the discharge law: • C w , the weir discharge coefficient, close to 0.385 for a classical weir ͑this coefficient defines the maximum discharge corresponding to the flow over the weir without the gate͒; • C u , the discharge coefficient under the gate for small angles of opening ͑close to 0.8 in general, it modifies the discharge law for small angles of opening͒; • C s , the discharge coefficient for side flow and small angles of opening ͑it is taken equal to 2 / 3C u in the numerical applications͒; • Q r , the residual discharge ͑should be adjusted to measurements when the gate is closed͒; and • ␣, V u , and h e can be modified if necessary to have a good estimate for ␦ w , the angle of opening corresponding to the weir flow ͑these parameters depend on the weir geometry, and should be adjusted according to measurements or available literature data͒. For the opening force: • C F 0 , the force coefficient at small angles of opening; and • C F max the force coefficient at high angles of opening. When there are data available, the calibration is rather simple: first the discharge law is calibrated by determining the maximum discharge ͑weir equation͒, the residual discharge Q r , and the discharge coefficient C u , in order to fit to the measured data. One should also check that the variation of ␦ w with the flow are correctly represented. Then the coefficients C F 0 and C F max are deter- mined in order to fit the measured values to the simulated ones. This is rather straightforward and can be done in a few steps.
Model Implementation
We provide here a description of the algorithm used to compute the equilibrium for a given discharge Q. The algorithm is a bisection on the upstream level h 0 . We could also have used a bisection on the angle of opening ␦, but the following procedure proved to be more robust numerically.
Let h w be the upstream level corresponding to the discharge Q for the weir equation
͑40͒
The following algorithm has been used to compute the gate equilibrium with our model:
−4 N·m ͑maximum difference between opening and closing moment at equilibrium͒. The initial value of h 0 is chosen as h 0 = h d . 
Model Validation
The model will now be validated on different gates' data: first on the data collected on the small-scale gate built at ENSAM, then on other data taken from previously published material ͑Vlugter 1940; de Graaff 1998; Burt et al. 2001͒ . The dimensions of these gates cover a wide range in order to show the generality of the proposed model. The various gate dimensions are given in Table 1 .
In two cases ͓Vlugter ͑1940͒ and Burt et al. ͑2001͔͒ the mass of the gate is not specified. But, knowing the static upstream level h d , the gate dimensions, and the angle ⌽ is enough to have the complete model. It is not necessary to know M, since only MX G and MY G appear in the equations. This is why we could assume reasonable values for the total mass of the gate and counterweight ͑10 kg for the Vlugter gate, and 100 kg for the gate of Burt et al.͒ without any loss of generality.
Experimental Measurements at ENSAM
The experimental setup built at ENSAM enables us to measure water levels with two sensors ͑upstream level, and downstream level to estimate the flow͒ and to measure the angle of opening with one sensor, all of which are connected to a computer for an automated data acquisition process. The model is calibrated by trial and error, starting from the initial values given by the heuristic approach described earlier. This procedure led to C F 0 = 0.5 and C F max = 1.15.
The discharge coefficients were obtained by calibration on the discharge curve data, leading to C w = 0.38 and C u = 0.8. The total discharge obtained by a cubic curve fit is plotted on Fig. 6 . It fits the data very well. Here, the residual discharge Q r is equal to 0.006 m 3 /s. Fig. 7 shows the upstream water elevation h 0 as a function of the discharge Q, compared to the head-discharge relationship for the weir only. This representation was initially used by Vlugter ͑1940͒ to show the effect of different counterweights on the controlled upstream level. The upstream water level computed by our model has a maximum relative error of 1.75% compared to the measured upstream level for discharges varying from 0 to 0.06 m 3 /s.
Validation on Data from de Graaff
This data was provided to us by Bertus de Graaff and Prof. R.
Brouwer from Delft University. The discharge coefficients were obtained by calibration on the discharge curve data, leading to C w = 0.385 and C u = 0.8. The calibration coefficients C F 0 and C F max are given in Table 2 .
Figs. 8-10 respectively, and show the opening force as a function of the angle of opening ␦, the discharge as a function of the angle of opening ␦, and the upstream water elevation h 0 as a 
Validation on Data from Vlugter
We used the graphs from Vlugter ͑1940͒ to estimate the upstream water level, the discharge, and the angle of opening for different values of ⌽. The discharge coefficients were obtained by calibration on the discharge curve data, leading to C w = 0.385 and C u = 0.8. The calibration coefficients C F 0 and C F max are given in Table 3 . Fig. 11 shows the opening force as a function of the angle of opening ␦ for different values of ⌽. The model is very accurate at estimating this force. One should note here that a linear model for the force would not be adequate to describe the variation with the angle ␦. Fig. 12 shows the discharge as a function of the angle of opening ␦ for different values of ⌽. Fig. 13 shows the upstream water elevation h 0 as a function of the discharge Q for different values of ⌽. Our model is once again very accurate at estimating the upstream water level. The maximum relative error in the predicted upstream level is 4.2% for discharges varying from 0 to 0.12 m 3 /s.
Validation on Data from Burt et al.
The discharge coefficients were obtained from Burt et al. ͑2001͒ as C w = 0.45 and C u = 0.8. The force calibration coefficients are C F 0 = 0.1 and C F max = 1.25. The model leads to an overall maximum relative error of 0.6% in the predicted water level, for discharges varying from 0 to 0.35 m 3 /s ͑see Fig. 14͒ .
Heuristic Method for Model Calibration
When there are no available measurements on a given gate, a heuristic method should be used to estimate these coefficients. We propose a method to estimate these coefficients based on data from the literature.
Heuristic Method for the Choice of C F 0
The graphs provided by Vlugter ͑1940͒ show that the water elevation is a quasi-linear function of the discharge for Begemann and Vlugter gates. In this case, one may write
where r = ͑h max − h d ͒ / Q max is the slope of the line; h max is the maximum upstream water elevation controlled by the gate ͑cor-responding to the point where the gate behaves as a weir͒; and Q max is the corresponding discharge. Then the derivative of h 0 with respect to ␦ is obtained as
And the value of ͑‫ץ‬Q / ‫͒0͑͒␦ץ‬ is already computed for the discharge law in Eq. ͑22͒. 
where ⌽ is expressed in degrees ͑Fig. 15͒. Once h max is obtained, Q max can be computed using the weir Eq. ͑6͒, and the ratio r follows; then C F 0 is given by
Heuristic Method for the Choice of C F max
Different coefficients C F max were obtained from direct calibration on Vluger ͑1940͒ experiments. These data were then used to fit a hyperbolic curve:
where ⌽ is expressed in degrees ͑Fig. 16͒. These a priori values for C F 0 and C F max given by Eqs. ͑44͒ and ͑45͒, and can be used when there are no available measurements to predict the gate behavior using the proposed model.
Conclusion
This paper describes a new model for an automatic upstream water level control gate ͑Begemann or flap gate͒. First a discharge law is derived from simple physical approximations in order to estimate the discharge Q for a given upstream level h 0 and a given angle of opening ␦. This discharge relationship is validated on experimental data. Then a law for the gate equilibrium is derived by obtaining an expression for the opening force at equilibrium: it is obtained by a cubic curve fit between ␦ = 0 and ␦ = ␦ max , corresponding to the unstable equilibrium of the gate. This law for the opening force is also validated on experimental measurements.
The overall model is obtained by combining both laws. For a given discharge Q, this model gives the upstream level and the angle of opening corresponding to the equilibrium. It is possible to include this model in a flow simulation model to compute the interaction of the gate with the flow. The corresponding algorithm is described in the implementation section.
The model is validated on experimental data collected on a small-scale gate and on data from the literature covering a large set of gate dimensions. The model is very accurate at estimating the values at equilibrium. It is able to accurately predict the equilibrium for gates with different geometrical characteristics and different flow rates. It gives a satisfying response to the problem cited in introduction-that is, it is a model for inclusion of this gate in a hydraulic simulation mathematical model.
The perspectives concerning this research are as follows: • Validation of heuristic methods to obtain the calibration coefficients in order to obtain a generic model that can be used directly on a given gate, without needing measurements; and • Study of the dynamic stability of the canal-gate system, extending the proposed model to describe the gate dynamic behavior, and using a dynamic model to describe the channel flow dynamics ͑Litrico and Fromion 2004͒.
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